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ABSTRACT. An integral formula is derived for Codazzi tensors of type (k, k). Many
of the classical Minkowski type integral formulas then become special cases of this
one. If M is a submanifold of Euclidean space and = is a parallel distribution on M
then each leaf of 7 is a submanifold of Euclidean space with mean curvature
normal vector field 5. Using the above integral formula we show that the integral
of |5|? over M is bounded below by an intrinsic constant and we give necessary and
sufficient conditions for equality to hold. The reducible surfaces for which equality
holds are characterized and related results concerned with Riemannian product
manifolds are proved.

Parallel tensors of type (1, 1) are characterized in terms of the de Rham
decomposition. It is shown that if M is irreducible and 4 is a parallel tensor of type
(1, 1) on M which is not multiplication by a constant then M is a Kaehler
manifold. Some further results are derived for manifolds whose simply connected
cover is Kaehler.
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Eberlein, both for his guidance in matters mathematical, and for his unfailing
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1. Introduction. The purpose of this paper is to extend and give proofs of the
results announced in [2] concerning Codazzi tensors and reducible submanifolds of
Euclidean space.

Let (M, { )) denote a Riemannian manifold with S a tensor of type (k, k) on
M. We say S € I[End A%(TM)] provided S is alternating in the first k and in the
last k£ indices. As the notation suggests, at each point x € M, S, may be identified
with an element of End A*T M. Given S in I[{End A%(TM)] and T in
I'[End A/(TM)] we may define S + T € I'[End A**/(TM)] by wedging the respec-
tive covariant and contravariant components of S and 7. The multiplication, =, is
associative and commutative. Let V denote the Riemannian connection on the full
tensor algebra of M.

DerFINITION 1.1. A Codazzi tensor of type (k, k) will be an element S of
I'[End A¥(TM)] such that

0=3S(-1Y" (VeSY X, AXo A AN AX A AXiy)
for all C* vector fields X, X,, ..., X, ,, on M.
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A routine computation shows that if S and T are Codazzi tensors of types (k, k)
and (J, j) respectively then S * T is a Codazzi tensor of type (k + j, k + J).

ExaMPLES. (a) Let M be an oriented hypersurface of Euclidean space with N a
unit normal vector field on M. The ‘shape operator’ is a tensor T of type (1, Hon
M defined by T(X) = -V, N, where X is a tangent vector to M and ¥ denotes the
Euclidean covariant derivative. The Codazzi equations for M imply T is a Codazzi
tensor of type (1, 1). More generally if M is a submanifold of Euclidean space and
N is a unit normal vector field on M which is parallel in the normal bundle then T
(defined by the same equation) is a Codazzi tensor of type (1, 1). In either case
S=TkKk=Tx+Tx* --- «T(ktimes)isa Codazzi tensor of type (k, k).

(b) The curvature operators R,, € I{End A%*(TM)] are defined by (RA(X A Y),
ZNANW)={(R(X,Y)Z, W) and R, = R, * R, * - - - % R, (k times) where R
denotes the curvature tensor of M. The second Bianchi identity implies R, is a
Codazzi tensor of type (2, 2) and thus R,, is a Codazzi tensor of type (2k, 2k).

Suppose M is an n dimensional compact, oriented, Riemannian manifold
without boundary and g: M — R" is an isometric immersion. If S is a Codazzi
tensor of type (k, k) then

THEOREM 2.1. f,,(n — k) trace S + trace S * A dV = 0 where dV denotes the
volume element of M and A is a symmetric tensor of type (1, 1) depending on the
immersion g.

By applying Theorem 2.1 to the aforementioned examples of Codazzi tensors we
recover the integral formulas of [3], [8], and [13].

If 7 is a C* distribution on M which is invariant under parallel translation along
any path then = is said to be parallel. In terms of the Riemannian connection, a
distribution 7 is parallel iff V, Y is tangent to = for any C* vector fields X and Y
on M with Y tangent to «. It immediately follows that if « is parallel then = is
integrable with totally geodesic leaves and that the distribution orthogonal to 7 is
also parallel. If M possesses a parallel distribution = with 0 < dim # < dim M then
M is said to be reducible. If no such distribution exists then M is said to be
irreducible. A complete, simply connected Riemannian manifold M is isometric to
a Riemannian product M, X M, X - - - XM, (the de Rham decomposition)
where M, is a Euclidean space and M, - - - M, are complete simply connected
irreducible Riemannian manifolds. Such a decomposition is unique up to the order
of the factors [11].

Let M and g: M — R" satisfy the hypotheses of Theorem 2.1 with « a parallel
distribution on M. Each leaf of 7 is isometrically immersed into Euclidean space
by g and given p € M we denote by n(p) the mean curvature normal vector at p
for the corresponding immersed leaf of #. Using Theorem 2.1 and an argument
originally carried out by R. Reilly [13] for the case 7 = TM we prove

THEOREM 3.5. [y,|n[* dV > (A, vol M)/n where N, denotes the first eigenvalue of
the Laplacian on M. Equality holds iff both M and the leaves of m are minimally
immersed into a sphere of radius R = (n/\;)"/%
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Denote by the triple (M, g, 7) a manifold M and an isometric immersion
g: M > R" as above, with 7 a parallel distribution on M. Let S denote the set of
such triples for which equality holds in Theorem 3.5. In §3 we prove a number of
results concerned with product manifolds and the class S. For example

COROLLARY 3.11. If (M, X M,, g, ) € S then
(a) g splits as a product immersion g = g, X g,;
b)) (M, g, TM)E S,i=1,2

© A (M) = A(M)).

The triples (M, g, 7) € S with dim M = 2 and dim = = 1 are characterized by

THEOREM 3.13. If (M, g,7) €S with dimM =2 and dimw =1 then M is
isometric to the flat torus R?/a(Z?), a =27w/(\)"/% and g splits as a product
embedding of M into a 4 dimensional flat of R". Furthermore w is generated by the
lines of slope 1 or —1 in R,

A particularly interesting class of Codazzi tensors is given by the space of
parallel tensors of type (1,1) on a Riemannian manifold. In Proposition 4.5 parallel
tensors of type (1,1) on a complete simply connected Riemannian manifold are
shown to be products of parallel tensors of type (1,1) on each of the irreducible
factors of the de Rham decomposition of the manifold. On an irreducible Rieman-
nian manifold M, there is a close connection between this space of parallel tensors
and the existence of a Kaehler structure for M.

PROPOSITION 4.1. If M is irreducible and A is a parallel tensor of type (1,1) on M
then either A = ol or A = ol + BJ, a, B € R, J a Kaehler structure (depending on
A)on M.

In fact, on an irreducible Riemannian manifold the space, Z, of parallel tensors
of type (1,1) is a finite dimensional real division algebra and thus

PROPOSITION 4.2. If M is irreducible then Z is isomorphic to one of the following:
(i) the real numbers R, (ii) the complex numbers C, (iii) the quaternions H.

If M is irreducible and either dim M is not divisible by 4 or M is not Ricci flat
then Z is at most 2 dimensional. In particular if M is Kaehler then it has a unique
(up to sign) Kaehler structure. If M is not assumed Kaehler but can be covered by
a Kaehler manifold then interesting consequences still follow.

PROPOSITION 4.3. Let M be an n dimensional irreducible Riemannian manifold
which is covered by a Kaehler manifold.

(a) If M is compact with finite fundamental group and if either n is not divisible by
4 or M is not Ricci flat then the 4kth Betti numbers of M are nonzero.

(b) If n is not divisible by 4 and M is oriented then M is itself Kaehler.

(©) If n is divisible by 4 and M is not Ricci flat then M is oriented and is either
Kaehler or is doubly covered by a Kaehler manifold.
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As a consequence of Proposition 4.3 and a theorem of Kobayashi we have

COROLLARY 4.4. Let M be a compact irreducible Riemannian manifold which is
covered by a Kaehler manifold. If the Ricci tensor of M is positive definite then either
M is simply connected or m((M) =7 /(2).

2. An integral formula for Codazzi tensors. Let M be a compact oriented n
dimensional Riemannian manifold without boundary with g: M — R" an isometric
immersion. Define a symmetric tensor 4 of type (1,1) on M via the formula

CA(X), Z) =<1(X, 2),Y)
where II denotes the second fundamental form of the immersion, Y is the position

vector field of M, and { , ) denotes the Euclidean metric. The purpose of this
section is to prove the following theorem.

THEOREM 2.1. If S is a Codaz:zi tensor of type (k, k) on M then
f (n — k) trace S + trace(S * 4) dV = 0.
M

Two formulas for computing traces will be helpful in the proof. First, if
B € I'[End AX(TM)] is arbitrary and if I € T[End A/(TM)] is at each point of M
the identity, then trace B * [ = ("j‘") trace B. Secondly, if e}, e,, . . ., ¢, is a local
orthonormal frame with E = e; A e, A - - - /\e, then for B € T[End A"~ (TM)),
A € T[End (TM)), trace B * A4 is equal to I{A(e) N\ B(E), ¢; \ E;» where E; =
eeNeN: - /\ej—l/\ej+1/\' © o Nep.

PrROOF OF THEOREM 2.1. Let dV denote the volume element of M and define an
n—1 form a on M by a = Y* 14V (that is a(X,, X,, . .., X,_,) is equal to
av(Yy™, X,, X5, . . ., X,,_,)). It is routine to show that if X is any C* vector field
on M then Vya = [X + A(X)] 1dV. Suppose first that S is a Codazzi tensor of
type (n — 1, n — 1) and consider w = a © S asann — 1 form.

daofe, . . -5 e) = 2 (1Y (Y, 0)(E)
=2 (1Y (V,0) e S(E) + Z (1Y o (V,S)(E).
The second sum is zero since S is a Codazzi tensor of type (n — 1, n — 1). Thus
dwley, ..., e,) = 2(—1)’“(6} + A(e)) JdV o S(E)
=2 (-1Y*" e A S(E), E) + Z(-1Y*KA(e) A S(E), E

=g A S(E), e N\ E> + 2{A(e) N\ S(E), ¢, \ E;)
= trace S + trace 4 * S.

Since 0 = [,, dw, the result follows in this case.

Suppose now that S is a Codazzi tensor of type (k, k) and let I denote the
identity element of I'[End A" *~!(TM))]. Since I is parallel S * I is a Codazzi
tensor of type (n — 1,n — 1) so that 0 = [, trace S+ I +trace S+ A = I dV.
However trace S « I = (n — k) trace Sand trace S * 4 =+ ] =trace S+ A. [
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Applications. (a) Let T denote the shape operator of a compact hypersurface of
Euclidean space with ¢, the kth elementary symmetric function of the eigenvalues
of T.S=T*=Tx* T+ --- T (ktimes)is a Codazzi tensor of type (k, k) with
trace S = k!a,. Furthermore A = hT where h denotes the support function of M
so that

0= fM(Z)'lak (o 1)) oewihav.

These are the integral formulas of Hsiung [8].

(b) Suppose N is a unit normal vector field on M which is parallel in the normal
bundle. Define a tensor T of type (1,1) by the formula (II(X,Z),N) =
(T(X), Z)». S = T* is a Codazzi tensor of type (k, k), and using Theorem 2.1 we
recover the integral formulas of [3].

(c) Let F be a differential quadratic form which is integrable in the sense of [4].
Define a tensor S of type (1,1) by the formula F(X, Z) = {(S(X), Z)>. Then S is a
Codazzi tensor, and letting k = 1 in Theorem 2.1 we recover Theorem 5 of [4]. In
terms of S this becomes

0 =f (n — 1) trace S + (trace S)(trace 4) — trace 4 ° S dV.
M

(d) The curvature operators R,, € I[End A%*(TM)] are defined by

and Ry, = R, * R, * - - - * R, (k times) where R =V 3, — [Vy, V] denotes
the curvature tensor. The second Bianchi identity implies R, is a Codazzi tensor of
type (2, 2) and consequently R,, is a Codazzi tensor of type (2k, 2k). Therefore

0 =f (n — 2k) trace Ry, + trace Ry, * A dV.
M

These formulas are equivalent to those of Proposition 1-b of [13].
A further application of Theorem 2.1 will be given in the next section.

3. Reducible submanifolds of Euclidean space. The most elementary endomor-
phisms of a vector space are the projections. If the vector space possesses an inner
product we may restrict ourselves to the consideration of symmetric projections.
Thus it is natural to ask under what conditions a symmetric tensor P, of type (1,1)
with P o P = P, satisfies the Codazzi equations.

PROPOSITION 3.1. Let P be a symmetric tensor of type (1,1) on M with P o P = P.
The following are equivalent:

(a) P is a Codaz:zi tensor.

(b) P is parallel (VP = 0).

(c) P is projection onto a distribution m, with @ invariant under parallel translation
along any path (= is parallel).

PRrROOF. (a) implies (b). The 0 and 1 eigenspaceés of P at each point define
orthogonal distributions E, and E, respectively on M. Let X, Y, Z, W be C*
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vector fields on M with X, Z tangent to E, and Y, W tangent to E,. (VxP)Y
=V,Y — P(V,Y) which is equal to the component of V,Y tangent to E,. On the
other hand (V,P)X = —P(V,X) is tangent to E,. Thus 1f P satisfies the Codazzi
equations then V, Y is tangent to E, and VX is tangent to E,. Now (V,Z, Y) =
~(Z,VyY>=0and <V, W, X)> = (W, V,,X> = 0 and it easily follows that P
is parallel. (More generally if S is a symmetric Codazzi tensor of type (1,1) with
precisely two distinct eigenvalues, both of which are constant, then S is parallel.)

(b) implies (c). The eigenspaces of a parallel tensor of type (1,1) are invariant
under parallel translation along any path. Let 7 be the eigenspace corresponding to
eigenvalue 1.

(c) implies (b). If X and Y are C*= vector fields with Y tangent to a parallel
distribution then V,Y is also tangent to the distribution. Denote by 8 the
distribution orthogonal to #. Then for Y tangent to 7w, (VyP)Y =V,Y — P(V,Y)
= 0. Similarly, since B is parallel, (V,P)Y =0 for Y tangent to 8. Thus P is
parallel.

(b) implies (a). Obvious. []

A manifold which possesses a nontrivial parallel distribution is called reducible.
Theorem 2.1 and Proposition 3.1 motivate the consideration of compact reducible
manifolds isometrically immersed into Euclidean space. However, before proceed-
ing with the associated integral formulas we shall discuss briefly the codimension
of such an immersion. First of all a compact réducible manifold of dimension two
or greater cannot be isometrically immersed as a hypersurface of Euclidean space.
This is because at every point of a reducible manifold there is a 2-plane with zero
sectional curvature, while a compact hypersurface of Euclidean space possesses a
point at which all sectional curvatures are positive.

In the case of higher codimension we have the following result.

PROPOSITION 3.2. Let M be a compact n dimensional Riemannian manifold with
Tys Ty - - - » T, mutually orthogonal parallel distributions on M such that n, = dim =,
>2 and Sn=n. If gt M>R" ¥ is an isometric immersion then there exist
compact manifolds N,, M; of dimension n; and hypersurface immersions g;: N; —
R**! h: M, > R**! such that the diagram below commutes:

M, X M, X --- XM,
hy X hy X+« Xhy
Al
M g Rn+k
rl
81 X gy X - Xg

Ny X NyX - -+ XN,

Furthermore p and p are Riemannian covering maps with p,TM; = &, and p, m; =
TN..

i

PrROOF. Assume without loss of generality that k = 2. Let (1\?, f: MM )
denote the simply connected Riemannian covering space of M. The de Rham
decomposition theorem implies that M splits as a Riemannian product L, X L,
with f(TL) = m;, i = 1,2. Let I(L;) denote the isometry group of L; and let
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D = {® € I(L)) X I(Ly|f~ ® = f} denote the deck group of M. It is well known
that M is isometric to M /D. Let y;: D — I(L;) denote the natural projection and
define subgroups H; of D and G; of I(L;) by the short exact sequences

(e, &) > H, > DﬂGl-ee,, (eys ez)—>H,—>Diz>Gz—>e2.
We then have a natural inclusion D — G, X G,.

Theorem 2 of [12] implies g ° f: M — R"*? splits as a product immersion and
consequently factors through the set M /G, X G,. However, since g ° f is locally
one-to-one it follows that G, X G, acts freely and properly discontinuously on M.
Thus M/ G, X G, may be given the structure of a Riemannian manifold isometric
to N, X N, where N, = L,/G,. The mapping g o f: M — R"*2 factors through
N, X N, as a product immersion g, X g,. M is a covering space of N; X N, via
M=M/D—* M/G, X G, =N, X N,. Since M is compact the index of D in
G, X G, is finite. Identifying H; with its projection into G; we have an injective
mapping G;/H; > G, X G,/D so that the index of H, in G, is finite. Thus the
manifolds M, = L,/ H, are compact and g o f: M — R"*? factors through M, X
M, as a product immersion h;, X h,. M; X M, covers M via M; X M, = L,/H, X
L,/H,=M/HH,~”M/D=M.

The author wishes to thank Patrick Eberlein for pointing out the existence of the
covering space M, X M, X - - +- X M,.

COROLLARY 3.3. If in addition to the hypotheses of Proposition 3.2, g is an
embedding then M splits as a Riemannian product and g splits as a product
embedding.

Now let M be as in Theorem 2.1 with position vector field Y. If 7 is a parallel
distribution on M then each leaf of « is isometrically immersed into R" by the
restriction of g: M — R”. Given p € M denote by n(p) the mean curvature normal
vector at p for the corresponding immersed leaf of #.

Lemma 34. [, {(n, Y) dV = —vol M.

ProOF. Let P denote projection onto the distribution orthogonal to #. Since P is
parallel, S = P*= P+ P+ - - - % P (k= n — dim « times) is a Codazzi tensor
of type (k, k). Trace S = k!, and trace S * A = k!(dim 7)<{n, Y ). The result now
follows from Theorem 2.1. []

Note. The conclusion of Lemma 3.4 actually holds under weaker assumptions.
Suppose that 7 is a nonparallel integrable distribution with totally geodesic leaves
and the distribution orthogonal to # is integrable with leaves which are minimal
submanifolds of M. Let P denote projection onto the distribution orthogonal to =.
Although P is not a Codazzi tensor, it is true that S = P*, k = n — dim#, is a
Codazzi tensor of type (k, k) and the argument of Lemma 3.4 may still be applied.

Let A, denote the first eigenvalue of the Laplacian on M. With the hypotheses of
Lemma 3.4 we have

THEOREM 3.5. [,,|n|> dV > (A, vol M)/ n with equality iff both M and the leaves of
w are minimally immersed into a sphere of radius R = (n/\))"/2
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PROOF. Assume without loss of generality that f,, Y dV = 0. The Cauchy-
Schwarz inequalities for { , > and for integrals imply (fy,|n|*> @)y Y|* dV) >
(vol M)? with equality iff n = cY for some constant c. Reilly [13] showed that
Iyl YP dV < (n vol M)/\, with equality iff M is minimally immersed into a sphere
about the origin of radius R = (n/\,)"/2. Therefore if fy,|n|*dV = (A, vol M)/n
then (1) M is minimally immersed into a sphere of radius R = (n/A,)'/? and (2)
1 = ¢Y which implies each leaf of # is a minimal submanifold of the given sphere.
On the other hand if each leaf of # is minimally immersed in a sphere of radius
R = (n/\))"/? then n = —(\,/n)'/?N where N denotes the outward normal to the
sphere and therefore [,,|n|* dV = (A, vol M)/n. [J

Note. (i) Theorem 3.5 extends Reilly’s Theorem A [13] for the case r =1 to
reducible submanifolds.

(ii) R = (n/X,)"/? is significant in that M cannot be minimally immersed into a
sphere of larger radius.

COROLLARY 3.6. Let M be a circle of radius r, isometrically immersed into R". If k
denotes the curvature function then |,, k* dV > 2m /r with equality iff M is embedded
as a circle.

PRrOOF. If 1) denotes the mean curvature normal vector field of M then |n|*> = k%
It is known that A; = 1/r2 The result now follows from Theorem 3.5. []

Denote by the triple (M, g, 7) a manifold M and immersion g: M — RY satisfy-
ing the hypotheses of Theorem 3.5, with # a parallel distribution on M. Let
S = {(M, g, 7)| equality holds in Theorem 3.5}. Note that (M, g, 7) € S implies
(M, g, TM) € S where TM denotes the distribution which at each point x is just
T.M.

PROPOSITION 3.7. Let m,, m, be orthogonal nonzero parallel distributions on M with
(M, g, ) €ES. Then (M, g, m, + m,) €S iff (M, g, m)) € S. In particular if 0 <
dim 7 < dim M then (M, g, m) € S iff (M, g, B) € S where B denotes the parallel
distribution orthogonal to .

PrOOF. If n; denotes the mean curvature normal vector field to the leaves of =,
and 7 denotes the mean curvature normal vector field to the leaves of 7, + m, then
n = (kyny + kyny)/(k, + k,) where k; =dimm,. (M, g, m) € S implies 7, =
—(\,/n)!/?N, where N denotes the outward normal to the sphere. (M, g, 7, + m,)
€ Siff n = —~(\,/n)"/?N. But this happens iff n, = -(\,/n)'/?N iff (M, g, ,) € S.
O

A natural way of constructing manifolds with parallel distributions is by taking
Riemannian products. Suppose M,, M, are compact, oriented connected Rieman-
nian manifolds without boundary. Let M = M, X M, be the Riemannian product
of M, and M, with 7 a distribution defined by 7(x, y) = T,M,. Then 7 is a parallel
distribution on M and we write for simplicity # = TM,. However no element of S
can be constructed in this way. If fact it will be shown that if « is a parallel
distribution on a product manifold M, X M,, and g: M| X M, > RY is an isomet-
ric immersion with (M, X M,, g, 7) € S then (a) 7 is tangent to neither M, nor
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M,, (b) g splits as a product immersion g = g, X g,, (¢) (M,, g, TM,) € S, and
(d) A (M) = \|(M,) where A,(M,) denotes the first eigenvalue of the Laplacian on
M,

1

PROPOSITION 3.8. Suppose (M, g, ) € S and M, X M, is a compact, oriented
Riemannian covering space of M with the lift % of w to M, X M, tangent to M,. Then
MM, X My < (ny/mA (M), n; = dim M,.

ProOOF. Since A (M, X M,) = min(A,(M)), A\|(M,)) it suffices to show that
A (M) < (ny/n)A(M). Let 7j denote the mean curvature normal vector field to the
leaves of # immersed into Euclidean space by the composition M, X M, > M
—& RY. If (M, g,7) € S then [y |n|* dV = (A, vol M)/n which implies

A (M) vol(M; X M.
My XM,

n
Let & denote the composition M; X M, > M —& R, If we fix a point x € M,
then A(x, ): M, - R is an isometric immersion of M, into Euclidean N space.
Furthermore it can be shown that the mean curvature normal vector to the leaf of
7 aty € M, is just 7(x, y). Therefore

A (M. I M, X M
[ ripavyav,= [ [ ] lﬁ(x.,xz)ldez] av, > M) v M, X My
My x M, M| /M, ny

by Theorem 3.5. Thus (A, (M) vol M, X M,)/n > A\ (M) vol M, X M,)/n, and
the result follows. []
Letting M = M, X M, yields

COROLLARY 3.9. (M, X M,, g, m) & S for any = tangent to M,. In particular
(M, g, m) & S for M simply connected and dim = < dim M.

PROPOSITION 3.10. Given m; a parallel distribution on M; with k; = dim =; then
(M, X M,, g, m + m,) € Siff:

(a) g splits as a product immersion g = g, X g,;

(b) (M’ gi’ 7ri) € S) l = 1, 2’

(© A (M) = X\(M));

(d) kyn, = k,n,, n, = dim M,.

PROOF. A routine argument shows that
k2 k3 1
2 7 % T
(ky + k))’'ny  (ky+ k)'n, ™mMTHh

with equality iff k,n, = k,n,. Let g: M, X M, —R" be an isometric immersion
with n; the mean curvature normal vector field to the leaves of #; and 7 =
(kyny + kym,)/(k, + k,) the mean curvature normal vector field to the leaves of
™ + .

k? k2 2kk
P+ —— P+ —2

(ky + ky) (ky + ky)? (ot ™

[l =
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As in the proof of Proposition 3.8

f |772|2 av, dv, = f
M\ xX M, M,

Similarly [« |ml* dV, dV, > (\(M,) vol M| X M,)/n,. The Gauss curvature
equations imply

fM [0, de] av, > (\(M,) vol M| X M,)/n,.
2

2k k,
(k, + k2)2

where C = 0 iff (n,, n,) =0.If welet A = ki/(k, + ky)’n,, B = k2/(k, + k,))n,,
then we have a string of inequalities

f <T'la "Iz> de dV| =C>0
M XM,

f [nP v, dV, > AN(M,) vol M, X M, + BA(M,) vol M; X M, + C
M XM,

> AN (M, X My) vol My X M, + B\ (M, X M,) vol M, X M, + C
S A(M,; X M,)vol M, X M, +C > AN(M, X M,) vol M, X M,
- n, + n, n, + n, )

Note in particular that if (M, X M,, g, TM, + TM,) is an element of S then
C = 0, which implies the mean curvature normal vector fields of M, and M, are
everywhere orthogonal. But this implies g splits as a product immersion g = g, X
g, [5]. Now if (M, X M,, g, 7, + m,) € S then (M, X M,, g, TM, + TM,) € S so
that g indeed splits as a product immersion. Furthermore all the inequalities above
must be in fact equalities, from which conditions (b)—(d) follow. On the other hand
if (a)-(d) hold then (M, X M,, g, 7, + 7)) €S. O

COROLLARY 3.11. If (M| X M,, g, m) € S then
(a) g splits as a product immersion g = g, X g,;
® M, 8, TM)ES, i=12;

(© A(M) = A(M)).

Proor. If (M, X M,, g, m) € S then (M, X M,, g, TM, + TM,) € S and the
result follows from Proposition 3.10. O

EXAMPLE 3.1. Suppose g:S" X $" — S™(2!/?) is a minimal immersion where
S™(2'/%) denotes an N sphere of radius 2'/2. Since A,(S" X S™) = n it follows from
Theorem 3.5 that (S" X S", g, TS" + TS") € S. Thus g splits as a product
immersion g = g, X g,, where g;: S" —» S™ is a minimal immersion. It follows
from the Gauss curvature equations that g, embeds S” as a great n sphere in S™.

Now suppose M = M, X M, is a Riemannian product with 7 a parallel distribu-
tion on M. Let P be projection onto = and denote by P; projection onto TM;. The
image of P; o P is a parallel distribution on M, tangent to M,. Define the function
|P; o P| by the formula |P; > P|(p) = sup,-,|P(P(v))| where v € T, M. It is easy
to check that P, » P(T, M) is independent of y and defines a parallel distribution
7, on M,. Similarly 7,(y) = P, ° P(T, M) defines a parallel distribution on M,.

If dim 7 = 1 we can strengthen Corollary 3.11 with the following result. (The
proof, similar to that of Proposition 3.10, will be omitted.)
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PROPOSITION 3.12. If dim 7 = 1 then (M, X M,, g, 7) € S iff
(a) g splits as a product immersion g = g, X g5;

(b) (M, g;, m;) € S, where =, is defined as above;

© A (M) = A\(M);

(@) |P, o P| = (n/m)"/% n; = dim M, n = n, + n,.

EXAMPLE 3.2. Let M = R%/Z? with g: M — R* the standard embedding (con-
sidering M as a product of two circles). Let 7 be the parallel distribution on M
generated by the lines of slope 1 in R%. Proposition 3.12 then implies (M, g, 7) € S.
As the next result shows this is the typical example of a reducible surface in S.

THEOREM 3.13. If (M, g, 7) €S with dim M =2 and dim7 =1 then M is
isometric to the flat torus R?/a(Z%), a =2xw/(\)"/? and g splits as a product
embedding of M into a 4 dimensional flat of R". Furthermore w is generated by the
lines of slope 1 or —1 in R%.

Before proving Theorem 3.13 we recall some facts about the Laplacian on a flat
torus. A subgroup T' of (R +) is called a lattice provided T is generated by two
linearly independent vectors of R% Given a lattice T, let I* = {v € R}<v, w) is an
integer for all w € T'}. Then I'* is also a lattice, called the dual lattice of I', and
(T*)* =T. The eigenvalues of the Laplacian on the flat torus R?/T are given by
{A = 47?0 |v € T*} [1]. In particular A, = 47%|v,|* where v, is a nonzero vector
in I'* of minimum length. Furthermore if w, € I'* is orthogonal to v, and of equal
length then {vy, wy} generate I'*.

PROOF OF THEOREM 3.13. dim M = 2 and dim # = 1 imply M is flat. Since M is
compact and oriented, M is isometric to R?/T for some lattice ' and we write for
simplicity M = R2/T. Let p: R - M denote the Riemannian covering map with 8
the lift of = to R2 Assume without loss of generality that 8 is generated by the
vector field e = (3)"/23/9x + (3)'/?0/dy. If (M, g, m) € S then R? and the leaves
of B are minimally immersed into a sphere of radius R = (2/A,)!/? by g  p: R* >
RY. A routine computation shows that the mean curvature normal vector fields of
R? and the leaves of 8 must be equal at corresponding points and therefore

(e, e) =3(11(3/9x, 3/3x) + 11(3/dy, 3/3y)).
By our choice of e we must have I1(d/dx, d/dy) = 0 which implies g ° p splits as a
product immersion [12].

Let G be the subgroup of (R?, +) generated by {(x, 0), (¥, 0)|(x, y) € T). Clearly
T is a subgroup of G. Since g © p splits as a product immersion and factors through
M = R?/T, g o p factors through X = R?/G. Since g ° p is logally 1-1 it follows
that G is a lattice with one generator in each coordinate direction and X splits as a
product of circles, X; X X,. We then have the following commutative diagram:

RZ
Pl g°p
M—= RY

Sl Mz

X =X, X X,
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The distribution 8 on R? descends to a parallel distribution # on X with
s,m = 7. Let 7 denote the mean curvature normal vector field to the leaves of #
immersed into R” by the restriction of i: X > RY. If (M, g, 7) € Sands: M > X
is an r-fold covering then

A (M) vol M

rA(X) vo Vi
f||2dV—"f|Tl|2dX 1( ; 1X=>\|(X)201M.
Eigenfunctlons of the Laplacian on X lift under s to eigenfunctions on M and thus
A (M) < A((X). Therefore we must have (1) A, (M) = A(X) and (2) (X, h, 7) € S.
Corollaries 3.6 and 3.11 imply G is a square lattice, G = aZ? a = 27/(A(M))"/?
and A is a product embedding of X into a 4 dimensional flat of RY. G* is a square
lattice contained in I'* and since A (M) = A,(X) it follows that G* = I'* and thus
G=T. O

4. Parallel tensors of type (1,1). An important class of Codazzi tensors is the
space of parallel tensors of type (1,1) on M. Here we study this space in terms of
the de Rham decomposition of M and derive some related results concerning
Kaehler manifolds.

DEFINITION 4.1. A tensor J of type (1,1) is a Kaehler structure for M provided

@JoJ=-I

(b) J(X), J(Y)) =X, Y) for all C* vector fields X, Y;

(¢) ViJ = 0 for all C* vector fields X.

PROPOSITION 4.1. If M is irreducible and A is a parallel tensor of type (1,1) on M
then either A = al or A = ol + BJ, a, B € R, J a Kaehler structure (depending on
A)on M.

PrOOF. Assume first that A4 is skew-symmetric. Since A4 is parallel, A° is parallel
and thus A’ o A is parallel. If 4 is nonzero then A’ o 4 is symmetric positive
definite and the eigenspaces of 4' > 4 define parallel distributions on M. Since M
is irreducible A° © 4 = cl, where c is a positive real number. It is easy to check
that J = ¢~'/24 is a Kaehler structure on M. For general 4, write 4 as the sum of a
symmetric plus a skew-symmetric tensor of type (1,1). [J

The space Z of parallel tensors of type (1,1) on M is a real algebra under the
operations of addition and composition. The next result (which is also proved in
[10]) determines the possible isomorphism classes of Z when M is irreducible.

PROPOSITION 4.2. If M is irreducible then Z is isomorphic to one of the following:
(i) the real numbers R, (ii) the complex numbers C, (iii) the quaternions H.

PRrOOF. It suffices to show Z is a finite dimensional real division algebra for then
the result follows from the well-known classification theorem of Frobenius. If
A € Z then Ker A defines a parallel distribution on M. Since M is irreducible
either Ker 4 = 0or Ker 4 = T,M forallp € M. Consequently if A # O then 4 is
invertible, and since 0 =V, I V(4 o AT = (d) e A7 + 4 o (V, AT =
A o (VyA™) it follows that A‘l is an element of Z. Therefore Z is a real division
algebra. If we fix a point x € M, then the linear mapping L: Z — End T M
defined by L(A4) = A, is injective and thus Z is finite dimensional. [
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If Z is isomorphic to C or H then using Proposition 4.1 it is easy to show that the
purely imaginary elements of norm 1 correspond to the Kaehler structures of M. If
Z is isomorphic to H then, at each point p € M, T,M becomes a module over H
and thus n = dim M is divisible by 4. Furthermore there must exist Kaehler
structures J and K on M with J « K = —-K ° J. As A. Gray [7] has pointed out, this
implies M is Ricci flat. Consequently if either n is not divisible by 4 or M is not
Ricci flat then the space Z is at most 2 dimensional (for M irreducible).

Suppose now that M is a Kaehler manifold with Kaehler structure J and Kaehler
two form ® defined by ®(X, Y) = (X, J(Y)). If dim Z = 2 and if D is a subgroup
of isometries of M then f;' o J o f, = + J for all f € D. Consequently f*®* =
®%*, k = 1,2,.... Furthermore we may define a group homomorphism, y: D —
(-1, +1}, by f;' o J o f, = Y(f)J. Since the subgroup D’ of D leaving J invariant
is equal to Ker ¢, either D’ = D or the index of D’ in D is 2.

PROPOSITION 4.3. Let M be an n dimensional irreducible Riemannian manifold
which is covered by a Kaehler manifold.

(a) If M is compact with finite fundamental group and if either n is not divisible by
4 or M is not Ricci flat then the 4kth Betti numbers of M are nonzero.

(b) If n is not divisible by 4 and M is oriented then M is itself Kaehler.

(c) If n is divisible by 4 and M is not Ricci flat then M is oriented and is either
Kaehler or is doubly covered by a Kaehler manifold.

PROOF. Let 7: M — M denote the simply connected cover of M with D (=
m,(M)) the deck group of M. If M is covered by a Kaehler manifold N we may
form the tower M — N — M and lift the Kaehler structure of N to a Kaehler
structure J on M. Let ® denote the associated Kaehler two form on M.

(a) m,(M) finite implies Mis compact and that ®* is a closed nonexact 4k form
on M for 4 < 4k < n. Since f*®* = ®* for all f € D, ®* descends to a closed
nonexact 4k form on M and thus the 4kth Betti numbers of M are nonzero.

(b) Choose a volume form dV on M such that #*dV = ®"/2. With  as above,
f*®"/? = Y(f)®"/2. On the other hand, for each fin D,

FrO2 = f* o p*dV = (7 o f)*dV = w*dV = /2

so that D’ = D and J descends to a Kaehler structure on M.

(c) If n = 4k then f*®* = @ for every isometry f of M. Thus the volume form
@ on M descends to a volume element on M and M is oriented. Since either
D’ = D or the index of D’ in D is 2 it follows that either M is Kaehler or is
doubly covered by a Kaehler manifold. J

COROLLARY 4.4. Let M be a compact irreducible Riemannian manifold which is
covered by a Kaehler manifold. If the Ricci tensor of M is positive definite then either
M is simply connected or m\(M) =7 /(2).

PROOF. Myers’ theorem (for the Ricci tensor) implies M is compact and thus any
Riemannian cover of M is also compact. It follows from Proposition 4.3 that either
M is Kaehler or is doubly covered by a Kaehler manifold. By a theorem due to
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Kobayashi [9], a compact Kaehler manifold with positive definite Ricci tensor must
be simply connected and the result follows. [J

The next result shows that parallel tensors of type (1,1) respect the de Rham
decomposition.

PROPOSITION 4.5. Let M be complete and simply connected with de Rham decom-
position M = My X M, X - - -+ XM, and let A be a parallel tensor of type (1,1) on
M.Then A = Ay X A, X - - - X A, where A; is a parallel tensor of type (1,1) on M,.

ProOF. If we fix a point x = (x, . . ., x;) in M then T, M may be written as an
orthogonal direct sum, T, M = = T where T, = T, M,. Furthermore

(a) The holonomy group at x, ¥(x), is the direct product Yo(x) X - - « Xy (x)
where y;(x) acts as the identity on 77 for i #j and y,(x) consists of the identity
alone. If v € T} for i # 0 then there exists a € y,(x) with a(v) # v.

(b) If S, is a subspace of T, M which is invariant under ¥(x) then, for each
i=1,2,...,k, either S, is orthogonal to T! or S, contains T.. (Proofs of these
results may be found in [11].)

We first show that A4, carries 77 into T for all i. A parallel implies A commutes
with each element of ¥(x). If v € T? and a € ¥(x) then a(4,(v)) = 4, (a(v)) =
A,(v) so that 4,: T? - T?. Now A parallel implies Ker 4, is invariant under ¥(x)

so that we may write Ker 4, = V, + T} + - - - + T’ where V,, is some subspace
of T? and + denotes an orthogonal direct sum. Clearly 4,: T: —» T} i=1,...,s.
Consider 7/ where j & {0, i}, ..., i). If A (TY) is not orthogonal to T/ then

A(T’) = T! since A (TY) is invariant under ¥(x). Suppose 4,(T7) is orthogonal to
T.. Since j # 0 if v € T then there exists a € ¥(x) such that v # a(v) and a acts
as the identity on the orthogonal complement to 77. But then 4, (v) = a4, (v) =
A, (av) which contradicts the fact that A4, is 1-1 on TY. Thus A4, T! > T},
i=01,...,k.

Let y be a path in M, X M, X - - - X M, with initial point (x,, x,, . . ., x;) and
final point (x}, x5, . . ., x;). Given x, € M,, v induces a path in M with initial
point (xg, X, ..., %) and final point (xp xj, ..., x;). Let P, denote parallel
translation along this path, and P, denote projection onto 7M. Then

POA(U, O, ceey o)()c,;,,xl ..... x) = POPYA(O, 0’ « ey O)(xo...,xk)
= POAPy(v, o..., 0)(xo'~-,xk)
= PyA(0,0,...,0)(xxi. .., x)

Therefore we may define a parallel tensor 4, of type (1,1) on M, by Ay(v,) =
PoA(v,0,...,0), . . . 5 wherex, ..., x, are arbitrary points of M, ..., M,
respectively. We similarly construct parallel tensors 4; on M;, j = 1,2, ..., k and
itisclearthat 4 = Ag X A, X - - - XA4,. O

REMARKS. (i) If M is a complete simply connected Kaehler manifold then
Proposition 4.5 implies that each of the irreducible factors of the de Rham
decomposition of M is Kaehler. Indeed, the proof of Proposition 4.5 is essentially
the proof of the de Rham decomposition for Kaehler manifolds given in [11].
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(ii) Proposition 4.5 may be used to prove the well-known result that a Rieman-
nian manifold with parallel Ricci tensor is locally the product of Einstein mani-
folds.

PROPOSITION 4.6. Let A be a rank r parallel tensor of type (1,1) on a complete,
simply connected Riemannian manifold M. If A has no nonzero eigenvalues and if
either (i) A is normal or (ii) the de Rham decomposition has no Euclidean factor, then
M splits as the Riemannian product M = N, X N, with N, an r dimensional Kaehler
manifold and with A nonsingular on N, and zero on N,.

PROOF. Let M = M, X M, X - - - XM, denote the de Rham decomposition of
M with 4 = Ay, X A, X - - - X A, the splitting given by Proposition 4.5. It follows
from Proposition 4.1 that if 4; is nonzero for some j > 1 then M; possesses a
Kaehler structure and 4; is nonsingular.

Now if L is a normal linear transformation on a finite dimensional inner product
space V, then it may be checked that the orthogonal complement of Ker L is Im L.
Thus on M, Ker 4, and Im A4, are two orthogonal parallel distributions with
TM, = Ker 4, + Im A,. The dimension of Im A4, is even since the restriction of 4,
to Im A4, is nonsingular and A4, has no nonzero eigenvalues. Fix a point x, € M,
and let H, equal the leaf through x, of Im 4, and let H, equal the leaf through x,
of Ker A4,. Since M, is a Euclidean space it is clear that M is isometric to H, X H,
with A, zero on H, and nonsingular on H,. H, is a Kaehler manifold since H, is an
even dimensional Euclidean space. It is now clear how to construct the manifolds
N, and N, in cases (i) and (ii)). []

In [6] the authors consider the concept of a framed metric f~manifold which
among other things is a Riemannian manifold M together with a skew-symmetric
tensor f of type (1,1) satisfying f> + f = 0. A framed metric f-manifold is said to be
covariant constant if a number of tensors including f are parallel. As a corollary of
Proposition 4.6 we strengthen slightly Theorem 14 of [6].

COROLLARY 4.7. Let M be a complete, simply connected, framed metric f-manifold
such that f is parallel. Then M is isometric to a Riemannian product N, X N, where
N, is a Kaehler manifold of dimension rank f and f = 0 on N,.
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